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Motivation
•  Cytoskeletal filament networks are responsible for cell movement, growth, and division. 

•  Motor activity is responsible for far-from-equilibrium phenomena, like active stress, self-
organized flow, and spontaneous nematic defeat generation. 


•  Better understanding would allow us to predict how molecular perturbations change cell 
behavior and to design new complex and adaptive materials. 

Visualization of the 3D reconstruction of a complete metaphase spindle in the early C. elegans embryo 

[Redemann, S. et al. Nature Communications, 2017]



aLENS
•  aLENS (a Living ENsemble Simulator): high-performance software for simulating  rigid 
bodies interconnected by dynamic springs [Yan, W. et al. elife, 2022]. 


•  Biopolymers are polar (microtubule: 25nm, stiff; actin: 7nm, soft). 

•  Motors are directed (Dynein: - ; Kinesin: + ; Myosin: ?)

•  Sequential Pipeline: 


•  Motor diffusion and stepping. 

•  Computing binding and unbinding while maintaining realistic macroscopic statistics. 

•  Updating filament position while overcoming stiffness constraints and maintaining 
steric exclusion. 

N

Example simulation of microtubules organized into asters by minus-end-directed motors

Our Focus! 

Motors bind to, unbind from, and walk along filaments. 



Terminology
•  Kinetic Monte-Carlo (KMC) [Gao, T. et al. Physical 
Review E, 2015; Lamson, A, et al. Eur. Phys. J. E, 2021.]: 

•  Allow fluctuations in bound protein number and 
binding kinetics that recovers the equilibrium 
distribution of static crosslinking proteins. 


•  Satisfy both local and global detailed balance (4-
states transitions, ). U ⇆ (SA, SB) ⇆ D

•  Baobzi [Github]: 

•  N-ary tree structure. Faster than .

•  Leaves represent functions in small sub-
boxes of domain with Chebyshev 
polynomials using Clenshaw algorithm. 


•  Adaptive to different languages. 

❖  Singularity. 

chebfun

Motors and crosslinkers may have different rates for separate binding heads. Python API



Transition Probabilities
• : enforce macroscopic thermodynamic statistics (correct equilibrium bound-

unbound concentrations and distributions) and account tether deformation energy: 





•  Transition probabilities as inhomogeneous Poisson processes: 





• Searching volume of unbounded head (not considering steric interactions with filaments): 


(SA, SB) ⇆ D

Ron,D(si, t) =
ϵKeko,D

Vbind ∑
j

∫Lj

e−βUi,j(si,sj)dsj .

Roff,D(si, sj, t) = ko,D .

P(Δt) = 1 − exp (−∫
Δt

0
R(t)dt) = 1 − exp(−R(0)Δt + O(Δt2)) .

Vbind = 4π∫
rc,D

0
e−βUi,j(si,sj)r2dr .



Finite Lookup Table
• Reduce Cumulative Distribution Function (CDF) dimensionality by considering the lab 

position of each bound motor head and an infinite carrier line defined by the position and 
orientation of unbound filament. 


CDF′￼(r⊥, s) = sgn(s)∫
s

0
e−βU(r⊥,s′￼)ds′￼

Discretization & 2D Linear Interpolation Interpolation & binary search: . O(log2(δsmax))
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Baobzi in Normal Lookup

Comparison of performances between Lookup Table (LT) and Baobzi Family (BF) under different stiffness 
and freelength of motor spring. 

Reconstructed domain within  
limit in both dimensions.

rc,D

• Baobzi Family (BF): Normalize  and discretize  dimension using multiple Baobzi objects (with 
grid size in same [or smaller] order of magnitude). Use binary search in point evaluation. 

s r⊥

Performance of BF with 2-dimensional normalization. 



Hyperparameters Tuning

Choose maximum desired relative error (.tol in Baobzi) 
as  in implementation. 10−4

Improve all BF’s accuracy to  level by 
decreasing coefficient  of Baobzi’s linear grid.

10−10

α

BF’s average error under different stiffness and freelength. Comparison between BF and BF2 in accuracy and build time. 



Effective PDF with threshold filtering. 

Use conformal mapping to speed domain search.  

Baobzi in Reverse Lookup

BF’s reverse lookup result using parameters that optimize build time, not accuracy.

• Precalculate integral range of each Baobzi object and match its grid along . 

• Use Boost bisection method to find root without derivatives. 

• Use OpenMP to speed up build process. 

• Provide interface to save formulated BF object as external files and reloading for 

flexible time management. 

r⊥

Performance of reconstruction interface. 



Hyperparameters Tuning

BF’s accuracy is significantly improved using finer grid and 
lower threshold filtering. 

BF’s accuracy maintains  to  level 
except when  and CDF are small. 

10−7 10−9

s
2D histogram between relative error and 

binding probability. 

BF’s average error under different stiffness and freelength. 



Conclusion & Future Works
•  Apply adaptive Chebyshev approximation with parallel computing to simulate 
motors’ binding rate on filaments with better accuracy and affordable costs in 
both directions searching. 


•  Together with lookup table, set up benchmarks after fine-tuning of parameters 
for further KMC tests.  


•  Provide extensible functionalities including pre-building and loading other 
formulations of integrand.

❖  Not scalable to more than 3-factors dependence. 

❖  Exponential costs growth for better BF’s accuracy.  

❖  Potential application of rejection sampling or MCMC. 

★  aLENS 2.0 is actively developed by Biophysical Modeling Group, CCB. 


